Abstract We study a noisy Kuramoto-Sivashinsky (KS) equation which describes unstable surface growth and chemical turbulence. It has been conjectured that the universal long-wavelength behavior of the equation, which is characterized by scale-dependent parameters, is described by a Kardar-ParisiZhang (KPZ) equation. We consider this conjecture by analyzing a renormalization-group equation for a class of generalized KPZ equations. We then uniquely determine the parameter values of the KPZ equation that most effectively describes the universal long-wavelength behavior of the noisy KS equation.
simulations showed that statistical properties of the long wave length modes are similar to those of the KPZ equations [26, 27, 28, 29, 30] .
Here, one may recall the renormalization group (RG), which is a standard method for studying scale-dependent parameters. For a given noisy KS equation, the RG equation was calculated using a perturbation theory [30, 31] . The infrared fixed point of the RG equation determines the scale-dependent behavior ν(Λ) = Cν Λ −1/2 in the limit Λ → 0, which has the same power-law form as that for the KPZ equations. Nevertheless, as shown below, the analysis at the infrared fixed point of the RG equation cannot determine the parameter values of the corresponding KPZ equation.
In this paper, we present a framework for studying the effective description. We study an RG equation for generalized KPZ equations that include noisy KS equations and KPZ equations. We then consider solution trajectories of the RG equation, in which each point flows to the infrared fixed point of the noisy KS equation we study. The solution trajectories also approach a subspace in the ultraviolet limit, which enables us to define a collection of bare parameters of the generalized KPZ equations. By using the lowest perturbation theory for the RG equation, we uniquely determine the most effective model among such KPZ equations that describes the infrared universal behavior of a noisy KS equation in the most efficient manner.
This paper is organized as follows. In Sect. 2, we introduce a class of models we study, define scaledependent parameters for the models, and review RG equations for the parameters. We also discuss ultraviolet and infrared behaviors of solution trajectories for the RG equation, and classify universal and non-universal properties of those. After that, we give a definition of "the most effective model". In Sect. 3, we simplify a representation of the trajectories so as to determine the most effective model. The solution trajectories for the RG equation are expressed as curves in a five-dimensional parameter space. Then, the trajectory for the noisy KS equation is attracted to a two-dimensional subspace, due to emergence of a time-reversal symmetry. We define the most effective model for the noisy KS equation in this subspace. In Sect. 4, we determine parameter values of the most effective model from its definition. In Sect. 5, we provide concluding remarks. We discuss renormalizability of the KPZ equation and its relevant parameters. We also remark an another application of our formalism to turbulence. In Appendix A, we derive Ward-Takahashi identities for scale-dependent parameters from symmetries of our model.
Setup
We study models for the stochastic growth of a surface. We assume that the time evolution of the height h(x, t) of the surface is described by a generalized KPZ equation:
where ν is the surface tension, K is the surface diffusion constant, λ is the strength of the non-linearity, and η(x, t) is the white noise. Here, D and D d are the strength of the noise. More precisely, these parameters are defined for a field h(x) whose Fourier transformĥ(k) is assumed to be zero for |k| > Λ. Λ is called a cut-off wavenumber. We explicitly express the cutoff dependence of the parameters as X (Λ). Here, for a given model with X (Λ 0 ), we define a model with X (Λ) for Λ < Λ 0 by eliminating the contribution Λ ≤ |k| ≤ Λ 0 in the dynamics, which may be formally expressed as X (Λ; X (Λ 0 )). Note that we do not employ a rescaling transformation after the coarse-graining. This functional relation trivially satisfies
From this, we obtain the RG equation
which determines X (Λ; X (Λ 0 )) under an initial condition X (Λ 0 ) = X 0 . In the next subsection, we review the RG equation for the generalized KPZ equations.
definition of scale-dependent parameters
We first define the scale-dependent parameters ν(Λ), D(Λ), K(Λ), D d (Λ) and λ(Λ), and then introduce a perturbation theory leading to the equation for determining them. We start with the generating functional Z[J,J] by which all statistical quantities of the KPZ equations are determined. Following the Martin-Siggia-Rose-Janssen-deDominicis (MSRJD) formalism [32, 33, 34, 35] , Z[J,J ] is expressed as
where ih is the auxiliary field, J andJ are source fields, and 
where
is the inverse matrix of the bare propagator
Here, we consider a coarse-grained description at a cutoff Λ < Λ 0 . Let us define
for any quantity A(k, ω), where θ(x) is the Heaviside step function. The statistical quantities of h < are described by the generating functional Z[J < ,J < ] with replacement of (J,J) by (J < ,J < ). We thus define the effective MSRJD action S[h < , ih
We can then confirm that S[h < , ih
Then, the propagator and the three point vertex function for the effective MSRJD action at Λ are defined as
From these quantities, we define the parameters as
From a tilt symmetry of the generalized KPZ equation, we can obtain
In Appendix A, we will provide a non-perturbative proof for (20) based on symmetry properties [36, 37] . Below, we derive a set of equations that determines
renormlization group equations
We can calculate (G −1 ) ij (k, ω; Λ) by using the perturbation theory in λ 0 . At the second-order level, the propagators are calculated as
where C 0 (k, ω) is the bare correlation function defined by
In the calculation of (21), one should carefully note the relation [30] Λ≤|q|≤Λ0 dq 2π
We emphasize that the Feynman rule does not distinguish these. (15) - (18), (21) and (22), we obtain the RG equation as
where we have introduced the dimensionless parameters F , G and H as
Here, from (25)- (28), we derive the autonomous equation for (
Infrared and ultraviolet behaviors of solution trajectories of the RG equation
The stable fixed point of the equations (32) - (34) is found to be (F * , G, * , H * ) = (10.7593, 680.652, 63.2614). By substituting the fixed point values to (25)- (28) and solving them, we obtain the scaling laws
where Cν , C D , C K , and C D d are constants that depend on the initial condition X 0 .
We next consider the dimensionless quantities given by
Substituting the scaling relations (35) - (38) to these equalities, we have
Since (F, G, H) takes the value (10.7593, 680.652, 63.2614) in the limit Λ → 0, we obtain
which is independent of X 0 . The singular behavior ν(Λ) = Cν Λ −1/2 implies that the effective surface tension depends on the observed scale Λ. This is contrasted with cases in which each X (Λ) converges to a finite value in the limit Λ → 0. Then, X (Λ = 0) is interpreted as renormalized parameters measured in experiments. Since the exponents characterizing the divergent behaviors are common to all the models given by (2), we refer to the power-law region as the universal range. The smallest characteristic wavenumber scale is also denoted by Λ IR , the value of which depends on X 0 . Then, the universal range is defined as Λ ≪ Λ IR . As another common aspect of the RG equation (4), we observe that X (Λ) shows a plateau region in the ultraviolet limit when Λ 0 is sufficiently large. This enables us to define a collection of bare parameters, which is denoted by X B . 
Here, we focus on a specific model, a noisy KS equation with Fig. 1 , we display the numerical solution of (4) for this initial condition The solution trajectories for the RG equation are expressed as curves in the five-dimensional parameter space consisting of X . We attempt to simplify a representation of the trajectories so as to determine the most effective model. 
The variation of the action (6) under this transformation is calculated as Finally, for a generalized KPZ equation with X B at Λ 0 in the ultraviolet plateau region, we consider the following scale transformation:
which yields another generalized KPZ equation with a different collection of bare parameters X ′ B at
x Λ 0 in the ultraviolet plateau region. These are the equivalent models in different unit systems. For the cases that D = χν and D d = χK, the equation for H(X, T ) is written as
where we have introduced
By imposing χ ′ = χ and λ ′ = λ, we obtain
x . Then, we have the relation
We find that J ≡ K B /ν 
the most effective model
Since J is invariant under the scale transformation, the determination of J can be separated from the determination of bx. Here, we notice the condition Λ UV = Λ IR for the most effective model. Because this condition is invariant under the scale transformation, the value of J is uniquely determined. Furthermore, the condition Λ IR = Λ KS IR fixes the value of bx. Below, we explicitly calculate these values. In order to determine the value of J, we study the dimensionless quantity
where F and s are invariant under the scale transformation. It should be noted that, for any J and bx, F approaches
in the ultraviolet limit s → −∞, while
in the infrared limit s → ∞. In Fig. 5 , we show graphs of F as functions of s for several values of J. In general, there are two characteristic scales of s, the departure scale from e 2s and the relaxation scale to F * , as clearly observed for J = 0.1. When J increases, the peak of F decreases and eventually vanishes at J = 7.3. In this case, the transition scale between the infrared universal region and the ultraviolet region is simply given by the cross point sc of the ultraviolet behavior F = e 2s and the infrared behavior which gives sc = 1.2. Thus, we conclude that the value of J of the most effective model is J = 7.3.
Next, we determine the value of bx. From the cross point sc, we define the transition length scale Fig. 6 , we show how ν(Λ) approaches Cν Λ −0.5 . We find that |ν(Λ) − CνΛ −0.5 | is well fitted to a power-law function of Λ −1 , which does not provide any wavenumber scale. Through more detailed analysis, we find a fitting function 
In this manner, ν B can be measured in experiments. Indeed, by applying this method to the numerical simulation of the noisy KS equation, the result ν exp B ≃ 5.5 was obtained [30] . Thus, our theoretical value ν B = 4.7 is in good agreement with the numerical value.
Concluding remarks
The main result of this paper is illustrated in Fig. 7 . For a given noisy KS equation, we construct the most effective model exhibiting the same infrared universal behavior with just one cross-over wavenumber scale Λ KS IR connecting the infrared behavior and the ultraviolet behavior. We emphasize that our theory enables us to calculate the bare surface tension ν B of the effective model in the universal range, which could not be obtained by previous studies. We conclude this paper by presenting a few remarks.
The first remark is on the relevant parameter space in the universal range. Since λ(Λ) is a conserved quantity along the solution of the RG equation, it obviously depends on the initial condition X 0 . Thus, it is relevant in the universal range. the solution trajectory when
approaches the universal constant value 0.0929 which is independent of X 0 . Thus, we can state that
is irrelevant, following the argument in [38, 39] . In other words, ν(Λ) and K(Λ) are not independent of each other in the universal range, as shown in Fig. 8 . In summary, the relevant parameter space in the universal range is spanned by the three parameters (ν, χ, λ). However, the parameter K cannot be negligible because the irrelevant parameter K(Λ)Λ 2 /ν(Λ) is not zero in the universal range. This is different from many standard RG analysis [40] .
Second, we remark that the original Yakhot conjecture claims a statistical property of the deterministic KS equation [24] . Here, we discuss the noiseless limit D 0 → 0 for the noisy KS equation. In this case, we obtain χ → 0 which is not consistent with observations. This implies that the lowest order contribution in loop expansions is not sufficient to yield statistical properties for the small D 0 limit. In order to overcome this situation, we have to formulate a non-perturbative calculation. This is an interesting problem for future work.
Finally, we expect that the concept proposed in this paper will be applied to various systems, although we have studied a specific phenomenon as an example of scale-dependent parameters. The most interesting example may be fluid turbulence. The effective model for the universal range in the turbulence is given by a noisy Navier-Stokes equation [5, 6, 7, 8, 9, 10, 11] 
where v is the fluid velocity, p is the pressure, η 0 is the viscosity and f is the noise. Here, P ij and F in the Fourier space are given as
where d is the space dimension, D 0 is the noise strength, and y is a positive parameter. When y = d = 3, this model exhibits the Kolmogorov scaling law
where E(k) is the energy spectra and C is a universal constant and takes the value ∼ 1.5. The analysis of solution trajectories of an RG equation for such the noisy Navier-Stokes equation may provide fresh insight into the understanding of the turbulence such as the universal constant C. We hope that this
It should be noted that this simple form comes from the invariance property of the MSRJD action for the timeindependent c 1 . Then, the variation of the effective MSRJD action is derived as
When we obtain the fourth line in (80) from the third line, we have used
Here, noting the trivial relation
we rewrite (80) as
which is further expressed as
Since this equality holds for any c(t), we obtain
The differentiation of (85) with respect to ih < (t ′ , x ′ ) leads to
We then find the symmetry property
from which we obtain
where J = 1 + va is the Jacobian for the tilt transformation, and a is a field independent quantity. The expansion of (92) in v leads to the identity
We differentiate this identity with respect to ih < (k 1 , t 1 ) and h < (k 2 , t 2 ). Then, we have
δh < (k, t)δih < (k 1 , t 1 )δh < (k 2 , t 2 ) ih < (k, t)
δh < (k, t)δih < (k 1 , t 1 )δh < (k 2 , t 2 ) = 0.
By taking the limit ih < , h < → 0 and recalling the definitions given in (12) - (14), we obtain
The Fourier transform of this equality is (73).
A.3 Proof of (74)
We consider a time-reversal transformation
The variation of the action (6) under this transformation is calculated as
The generalized KPZ equation is invariant when
Here, we focus on the case D 0 /ν 0 = D d0 /K 0 . Then, we obtain
where J is the Jacobian of the time-reversal transformation. By differentiating this equality with respect to ih < (k 1 , ω 1 ) and h < (k 2 , ω 2 ), we have
